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Abstract 

Extending previous papers of Coleman- Fabrizio-Owen [Tj, [2] and Oncii- 
Moodie [3], we give a derivation of the thermodynamic restrictions on the 
constitutive relations of an electrically polarizable and finitely deformable 
heat conducting elastic continuum, interacting with the electric field. The 
constitutive equations include an evolution equation for the heat flux; the 
latter and the temperature obey a frame-invariant form of Cattaneo's equa- 
tion. 



1 Introduction 

In some papers Coleman, Fabrizio and Owen [Tj, [2] gave a derivation of the 
implications of the second law of thermodynamics for a rigid heat conductor 
for which the heat flux vector q and the temperature 9 obey the relation 

f (0)q+q= -K(9)grad6, (1) 

with T(9) and K(6*) non-singular, that generalizes to anisotropic media the 
well-known Cattaneo's relationship 

r(0)q + q= - k(6) grade . (2) 

Later Oncii-Moodie |3J extended the above papers to the case of a de- 
formable thermoelastic body; there it is shown that when the referential heat 
flux Q, the deformaton gradient F and the temperature 9 obey the relation 

T(F, 9)Q + Q = -K(F, 9)Grad9 , (3) 
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with GradO = F T grad8, and T(F, 9) and K(F, 9) non-singular, then the 
second law of thermodynamics requires that the specific internal energy e 
and the first Piola-Kirchhoff stress S satisfy the relations 



P R£ = PR e (F,6) + Q-A(F,6)Q, (4) 
S = S (F, 0) + Q-P(F, 0)Q, (5) 

where (i) pn is the referential mass density, (ii) e (F, 9) and S Q (F, 9) are, 
respectively, the classical specific internal energy per unit mass and Piola- 
Kirchhoff stress tensor, and (Hi) A(F, 9), P(F, 9) are defined by 



A(F, 



9 2 8 r Z(F, 
~2d9~L W 



P(F, 9) = ^^Z(F, 9) , Z(F, 9) = K(F, ^^(F, 9) ; (6) 

moreover, (iv ) Z is symmetric and K is positive-definite. 

The present paper extends Oncii-Moodie [3J to an electrically polarizable 
and finitely deformable heat conducting elastic continuum, interacting with 
the electric field, within a 'second-sound' theory; hence, the constitutive 
equations include an evolution equation for the heat flux; the latter and 
the temperature obey a frame-invariant form of Cattaneo's equation. In 
parallel with [3], we derive the thermodynamic restrictions on the constitutive 
relations and we show that an extended version of the generalized Cattaneo's 
relation (j3J holds. Lastly, in Section[7]the usual theory is considered, i.e., the 
one where the heat flux is an independent variable; it is obtained from the 
previous second-sound theory by deleting the constitutive function for the 
time rate of the heat flux q(X; t) and treating the heat flux as a dependent 
variable through a constitutive equation. The thermodynamic restrictions on 
the constitutive relations and other theorems are found simply by collapsing 
the corresponding theorems of the second-sound theory. 



2 Preliminary Definitions 

The present paper is an extension of Oncii-Moodie [3J to thermo-electroelasticity; 
hence here we treat topics in parallel with [3_J using quite similar notations. 

We consider a body B whose particles are identified with the positions 
X G £ they occupy in a fixed reference configuration B of a three-dimensional 
Euclidean point space 8. A referential mass density Pr(-) : B — > (0, oo) is 
given, so that m(V) := J v p^dV is the mass of the part V of B. We assume 
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that the material filling B is characterized by a given process class JP(B) of 
B as a set of ordered 10— tuples of functions on B x IR 

p = (x(.), *(.), ¥>(0, 17(0, r(0, P(0, q(0, b(0, r(0) G 2P(5) (7) 

defined with respect to B , satisfying the balance laws of linear momentum, 
moment of momentum, energy, the entropy inequality, and the field equations 
of electrostatics, where 

• x = x(X, t) is the motion, 

• 9 = 0(X, t) G (0, oo) is the absolute temperature, 

• <f — </?(X, t) is the electric potential, 

• e = e(X, t) is the specific internal energy per unit mass, 

• 77 = ?7(X, t) is the specific entropy per unit mass, 

• r = t(X, t) = S(X, t)^j is the Cauchy (first Piola-Kirchhojf) 
stress tensor, 

• P = P(X, t) (jP = IP(X, t^j is the spatial (referential) polarization 
vector, 

• Q — Q(X, t) = Q(X, t)^ is the spatial (referential) heat flux 
vector, 

• b = b(X, t) is the external specific body force per unit mass, 

• r = r(X, t) is the radiating heating per unit mass. 

The referential and spatial heat flux and polarization vectors are related 

by 

IP = JF- 1 P, Q = JF- 1 q. (8) 

Any motion x(., .) of B is a regular function, in the sense that it is continu- 
ously differentiable, of class C 2 with respect to t, and at each time t it is an 
invertible function from B into £. 

We use Grad, grad, Div, div, to denote gradient and divergence with 
respect to X and x, respectively, whereas a superposed dot denotes the ma- 
terial time derivative. 

The deformation gradient F at X at time t is given by 

F = F(X, t) =Gradx(X, t) , (9) 
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and the invertibility of the deformation is sured by the condition 

J = detF > . 

The velocity v of X at time t is given by 

v = v(X, t) = x(X, t) . (10) 

The local law of conservation of mass is expressed by 

Pr — pJ \ p + pdivv — 0, (11) 

where p = p(X, t) is the mass density of X at time t. 

The electric potential (p, together with the polarization vector field P, 
in Gaussian units determines the eulerian electric displacement field by the 
equality 

D = E M + 4ttP , (12) 

where E A/ = — V x <p is the (Maxwellian) spatial electric vector field. Hence 
the referential electric vector field is 

A = JF _1 D = JF _1 E A/ + 47rIP . (13) 

The spatial and referential polarization vectors per unit volume are re- 
spectively defined by 

7T = P/ P , 11 = TP/ p R . (14) 

Note that any two corresponding referential and spatial 'energy-flux' vec- 
tors, that are related by 

IH = JF- 1 h, (15) 
have spatial and referential divergences that are related by 

DlVJti = Jdivh (16) 

3 Spatial Description 

3.1 Local balance laws in spatial form 

Under suitable assumptions of regularity, and using (Till) , the usual inte- 
gral forms of the balance laws of linear momentum, moment of momentum, 
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energy, the field equations of electrostatics, and the entropy inequality are 
equivalent to the spatial field equations 

pv = divT + P- V x E M + pb, (17) 



pi = t ■ Vv — divq + E • p7r + pr , 



(18) 



E 



M 



V X <P 



(19) 



pfj > p(r/9) — div(q/9) . 
Incidentally, note that by the continuity equation fTTTj) we find 



(20) 



E M ■ p-k = E M ■ (P + Pdivv) . 
Let ip = be the specific free energy per unit mass defined by 



(21) 



iP = £ - 0rj - E M • 7T . 
Then f JT8l) and (I20T) yield the reduced dissipation inequality 

p(^ + rjO) — t ■ Vv + • g + p7r ■ E M < , 



(23) 



(22) 



where g = grad$(K, t) is the spatial temperature gradient. 

We note that Eqs. ffT?) . (flgl) . p)]) and respectively coincide with 
Eqs. (3.23), (3.40), (3.43) and (4.2) of [1]. 

3.2 Spatial Constitutive Assumptions 

Let T> be an open, simply connected domain consisting of 5— tuples (F, 9, E , q, g), 
and assume that if (F, 9, E M , q, g) G £>, then (F, 0, E M , 0, 0) G P. 

Assumption 3.1 For every p G JP{B) the specific free energy ^(X, t), 
the specific entropy 77 (X, t), the Cauchy stress tensor t(X, t), the specific 
polarization vector P(X, t), and the time rate of the heat flux q(X, t) are 
given by continuously differentiable functions on T> such that 



P 



T 



n 



^(F, 9,E M , q, g), 
rj(F, 9, E M , q, g), 
r(F, 9, E M , q, g) , 
P(F, 9,E M , q, g), 



(24) 

(25) 
(26) 
(27) 




(28) 
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Of course, once p(.), fj(.), ip(.) and P(.) are known, then equality fT2"2"j) 
gives the continuously differentiable function e(.) determining £:(X, t) such 
that 

e = e(F, #,E M , q, g) . (29) 

The assumed properties of the heat flux evolution function h(.) indicate 
that it is invertible for q and also for g. The inverse of h(.) with respect to 
q is denoted with 

q = h*(F, 9, E M , g, q) . (30) 

Note that 

9 g h*(.) = -[9 q h]- 1 (.)9 g h(.), (31) 

so that the tensor <9 g h*(.) is also continuous and non-singular. 
Also note that the dependence upon X is not written for convenience, but 
it is implicit and understood when the body is not materially homogeneous. 

3.3 Coleman-Noll Method and Thermodynamic Re- 
strictions 

Given any motion x(X, t), temperature field #(X, t), electric potential field 
<p(X, t) and any heat flux field q(X, t), the constitutive equations (I2"lj) - (l2"8"j) 
determine e(X, t), r?(X, t), r(X, t), P(X, t), q(X, t), and the local laws 
(j!7p and (ITS]) determine b(X, t) and r(X, t). Hence for any given motion, 
temperature field, electric potential field and heat flux field a corresponding 
process p is constructed. 

The method of Coleman-Noll [5] is based on the postulate that every 
process p so constructed belongs to the process class 1P(B) of B, that is, on 
the assumption that the constitutive assumptions (|24|) - (j28|) are compatible 
with thermodynamics, in the sense of the following 

Dissipation Principle For any given motion, temperature field, electric 
potential field and heat flux field the process p constructed from the consti- 
tutive equations $L$-$2B\) belongs to the process class P(B) of B. There- 
fore the constitutive functions (24\)- $2l^) are compatible with the second law 
of thermodynamics in the sense that they satisfy the dissipation inequality 

It is a matter of routine to extend to thermo-electroelasticity Coleman's 
remark for thermoelasticity written in [5], on page 1119, lines 8-30 from 
top; such extension, that includes the electric field, is written here just by 
paraphrasing Coleman. 
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Remark 3.1 Let A(t) be any time- dependent invertible tensor, a(t) any 
time- dependent positive scalar, a(i) any time- dependent vector, j3(t) be any 
time- dependent scalar, b(t) any time- dependent vector, and Y any material 
point of B whose spatial position in the reference configuration B is Y. We 
can always construct at least one admissible electro-thermodynamic process 
in B such that 

F(X, t), 0(X, t), g(X, t), E A/ (X, t) 

have, respectively, the values A(t), a(t), a, b at X = Y. 

An example of such a process is the one determined by the following de- 
formatoin function, temperature distribution and electric potential: 

x = x(X, t)=Y + A(t) [X - Y] , (32) 

6 = 0(X, t) = a(t) + [A T (t)a(t)] • [X - Y] , (33) 

<p = p(X, t) = (3(t) + [A T (t)h(t)] • [X - Y] . (34) 

Thus, at a given time t, we can arbitrarily specify not only F, 8, g and E M 
but also their time derivatives F, 9, g and E A/ at a point Y and be sure 
that there exists at least one electro-thermodynamic process corresponding to 
this choice. 

The next theorem is proved by using Remark 13.11 

Theorem 3.1 The Dissipation Principle is satisfied if and only if the fol- 
lowing conditions hold: 

(i) the free energy response function ip(F, 9,~E M , q, g) is independent 
of the temperature gradient g and determines the entropy, the first Piola- 
Kirchhoff stress, and the polarization vector through the relations 

7J(F, 6, E M , q) = -c^(F, 6, E M , q) , (35) 

r(F, 6, E M , q) = pd F ^(F, 9, E M , q) (36) 

7f(F, 6, E M , q) = -cW(F, 6, E M , q) (37) 

(ii) the reduced dissipation inequality 

P 9d^{F, 9, E M , q) • h(F, 9, E M , q, g) + q • g < (38) 

is satisfied. 
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Proof . By the chain rule we have 



ip = d F ip -F + d e ip -9 + d^if) • E + d^ip ■ q + d s ip ■ g . (39) 

Thus by substituting this equation together with the constitutive equa- 
tions ([211) - (1281) into the dissipation inequality (I2"3"j) gives 

(pd^ — r ) • F + (pdg$ + rj)9 + (pcW + P) ■ E M (40) 

+p<9 q ^ ■ h + pd s ip ■ g + • g < . (41) 

Now we proceed following the Coleman-Mizel [5] method: by Remark 
13.11 we can state that F, 9, E and g can be assigned arbitrary values 
independently from the other variables and the theorem is proved. (} 

The next theorem extends Theorem 2 of [5]. 

Theorem 3.2 The time derivative of the heat flux q vanishes for all termal 
equilibrium states (F, 9, E M , 0, 0) G V and the tensor 

K(F, 9, E M ) = 9 q h(F, 9, E M , 0, 0)" 1 9 g h(F, 9, E M , 0, 0) (42) 

is positive-definite. 

Proof . In the proof of Theorem 2 on p. 94 in [5] insert the additional variable 
E in each occurrence of H*, H, /, K, K* ; moreover replace H*, H with 
h*, h, respectively; thus we obtain a proof for the present theorem. <0 



3.4 Use of Invariant response functions 

In order to satisfy the principle of material objectivity e and if) must be 
scalar invariant under rigid rotations of the deformed and polarized body. 
The invariance of if) in a rigid rotation is assured when if) is an arbitrary 
function of the referential quantities Elm, 9, Wl, Ql, Gl, where 

Elm = -(Clm — o~lm), Clm = Xk,LXk,M , (43) 

Q = JF 1 q, G = F T g . (45) 
Hence we assume that 

if} = ip(E, 9,W, Q, G) . (46) 
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Next we calculate the time derivatives in equation f[3"9"j) by using ip in 
place of ip. We find 



dip 
dF 



F 



dip 



dE 



HS 



+ 



dip 



dW, 



R 



dip 



dG f 



d dx l 



dE R s didx^dXK) dW R d{dx i /dX K ) dG R d{dx i /dX K ) J dt dX K 

(47) 

Now, by (|43D-(|15D, 



dip 



dE 



RS 



d dx 1 dip If dx l dx l \ dx 

■x[ORK-^r- + — 0,"- 1 



dE RS didxi/dXx) dt dX K dE RS 2 V RK dX s dX R SK > dX 



1 / dip dx 1 dip dx 1 \ dx 1 



dip dx 1 dx' 1 



■dip. 



2\dE KS dX s dE RK dX R >dX K dE RK dX R dX K V 5E 



F,(48) 



dip 



dW, 



d dx 1 



dip 



dW R d(dx i /dX K ) dt dX K dW R 
and, similarly with the latter, 

dip dG R d dx 1 dip 



5krE m 



d dx 1 



dip 



dG R d(dx l /dX K ) dt dX K dG R 
hence 



Skr9, 



dtdX K ^dW 
d dx % / dip 



)E 



M 



dtdX K V^g 



■F, (49) 



dip 
dF 



F 



~dE dW 



rpM , dip 
E + dG 



g -F: 



moreover, 



dip 
dg 



dip dG R dg i _ dip , dg i 
dG R dg i dt ~ dG R R dt 

dE M V dW' 



$0 

dG 



M 



dip . /dip dQ 

<9q ^ ^<9Q <9q 1 <9Q 



q=^F-^,. q . 



(51) 

(52) 
(53) 
(54) 



By recollecting the equalities above we can rewrite the dissipation in- 
equality (123]) as 



00 «r , 9iP ~ E M + d±^ g y F 



-dE dW dG 



T)6 



-T ■ Vv + -q • g + pir • E M < . 



(55) 



Now we apply the method of Colemann-Noll. 
By the arbitrariness of g we have dip / dG = O . 
Note that 

dv* dv* dX K _ dX K d dx i 

that is, 

Vv = F T F, (57) 

and thus 

T .Vv = F- 1 r-F; (58) 

hence (ESI) reduces to 



By the arbitrariness of the time derivatives F,8, E M and by substituting 
the constitutive relation fl28l) we find 



p( JF~ T ||(E, 0, W, Q)) • h(F, 0, E M , q ) + I q • g < . (63) 



Of course, by fl54j) the latter inequality rewrites as 

p(^(F,^,E M ,q)).h(F, 0,E M ,q) + iq-g < 0. (64) 

We have proved the version of Theorem 13.11 that employes the objective 
energy response function ip. 

Theorem 3.3 The Dissipation Principle is satisfied if and only if the fol- 
lowing conditions hold: 

(i) the objective free energy response function ip(E, W, Q, G) is in- 
dependent of the temperature gradient G and determines the entropy, the 
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Cauchy stress tensor, and the polarization vector per unit mass through the 
relations (G2J)-(0>I|); 

(ii) the reduced dissipation inequality ( fggj) is satisfied. 

We point out that Equalities (1601 . (|T4"]) and (162]) yield the following ex- 
pression for the Cauchy stress: 

r = pF||F T - P ® E M ; (65) 
hence for the antisymmetric portion r A of r we obtain the expression 

t a = I (E M <g> P - P ® E M ) , (66) 



2 

that coincides with (3.24) of [I]. 

4 Internal Dissipation and Entropy Equality 

The local internal dissipation 5 in a thermoelastic body is defined by ([5J, 
P.112) 

8o = ~ ( r rfwq) ; (67) 

P 

then one proves that 5 = alond every local thermoelastic process. Within 
thermo-electroelasticity here we define the internal dissipation just by (167| 
and hence we extend the afore-mentioned theorem by the following 

Theorem 4.1 Along any local process of B we have 

*o = -pf£-q>Jq-g- (68) 

Proof . By inserting the energy equation ([TBI in fIBTj) we obtain the equality 

5 o = 0ii--(pe-T' Vv-E a/ -tt) (69) 
P 

Now by ([22D we find 

^ = + e - 07? - E M • 7T - E M • 7T (70) 



and by replacing the latter into (169]) by the constitutive restrictions (135]) -(138 
we find (EHD. 
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In thermoelasticity one shows that any thermoelastic process is locally 
reversible, in the sense that the following entropy equality 

r divq 

PV = Pq- — (71) 

holds. Here this result is generalized to thermo-electroelasticity by the fol- 
lowing 

Theorem 4.2 Along any local process of B the following entropy equality 

r divq dip . 

m = p e--r- p di-*- (72) 

holds. 

In words the theorem can be interpreted by the assertion that in thermo- 
electroelasticity every process is locally reversible. 
Proof . Equality (KT7j) is equivalent to (172"]) . 



5 Referential description 

We can rewrite the constitutive relations (I24p - (l28p in material form by using 
the first Piola-Kirchhoff stress tensor S(X, t), that is related with the Cauchy 
stress by 

S = JF _1 t (73) 
and by using the well known equalities (|SD, (flBl - flEl) and 

DivS = Jdivr , (74) 

Now the process class P{B) of B of Section [2J contatining the processes 
([ZD, must be substituted with 1P R {B), that is the set of ordered 10— tuples 
of functions on B x M 

p R = (x(.), 6(.), £(.), 1/(0, S(.), IP(0, Q(-)> b(.), r(.)) G ^(S) 

(75) 

defined with respect to £> , satisfying the material versions of the balance 
laws of linear momentum, moment of momentum, energy, the entropy in- 
equalityand the field equations of electrostatics. 
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5.1 Local balance laws in material form 

The local field laws (|T7l) - (l20l) in the referential description write as 

p R ir = DivS + p R h , 



(76) 



Pre = S ■ F — DivQ + W ■ IP + prt , (77) 

W = - V x ^ (= -F T V x y?) , DtvA = , (78) 

PrV > Pnir/9) - Div{Q/9) . (79) 
Let ip = be the specific free energy per unit mass defined by 

if) = e-6r]-W -U. (80) 

Then ( 1771) and (1791 yield the reduced dissipation inequality 

Pr{^ + t^)-S-F + -Q-G + IP-W<0, (81) 

o 

where G = Grad9(K, t) is the referential temperature gradient. 

Remark 5.1 Note that the free-energy function if) defined here by RED]) co- 
incides with the analogous function \ defined in (4-2) of Ujj, on page 596. In 
fact, 

W II = W TP/ PR = (F T E M ) • ( J¥- l P)/p R = E M ■ P(J/ PR ) 

Hence, by pr = J p, we have 

W-n = E A/ -P/p = E M -7r, 

where 7r is the spatial polarization vector. 

5.2 Referential Constitutive Assumptions 

Let Vr be the open, simply connected domain consisting of 5— tuples (F, 9, W, Q, G) 
such that (F, 9, W, Q, G) e V; hence if (F, 0,W, Q, G) G Vr, then 
(F, 9, W, 0, 0) G V R . 

In order to extend the topics of ONCU, next we use a free energy function 
of the form 

V = ^(F,0,W,Q,G). (82) 
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Assumption 5.1 For every p 6 JPr(B) the specific free energy ip(X, t), 
the specific entropy r/(X, t), the first Piola-Kirchhoff stress tensor S(X, t) ; 
i/ie specific polarization vector IP(X, t), and the time rate of the heat flux 
Q(X, t) are given by continuously differentiable functions on T>r such that 



V = ^(F, 6,W, Q, G), (83) 

rj = fj{F,e,W,Q,G), (84) 

S = S(F, 0, W, Q, G) , (85) 

IP = ]P(F, 9,W, Q, G), (86) 

Q = H(F, 9,W, Q, G) (87) 



Further, the tensors <9qH(.) and <9qH(.) are non-singular. 

Of course, once Pr(-), IP(.)> */>(•) and are known, then equality ([SO]) 
gives the continuously differentiable function e(.) determining e(X, t) such 
that 

e = e(F, 6>, W, Q, G) . (88) 

The assumed properties of the heat flux evolution function H(.) indicate 
that it is invertible for Q and also for G. We denote the inverse of H(.) with 
respect to Q with 

Q = H*(F, 9,W, G, Q) . (89) 

Note that 

a G H*(.) = -[9 Q H]- 1 (.)9 G H(.), (90) 

so that the tensor <9gH*(.) is also continuous and non-singular. Also note 
that the dependence upon X is not written for convenience, but it is implicit 
and understood when the body is not materially homogeneous. 

5.3 Coleman-Noll Method and Thermodynamic Re- 
strictions 

Given any motion x(X, t), temperature field #(X, t), electric potential field 
y(X, t) and any heat flux field Q(X, t), the constitutive equations (183|) - (1H7|) 
determine e(X, t), r)(K, t), S(X, t), IP(X, t), Q(X, t), and the local laws 
(ITS"]) and (177j) determine b(X, t) and r(X, t). Hence for any given motion, 
temperature field, electric potential field and heat flux field a corresponding 
process p is constructed. 

The method of Coleman-Noll pj] is based on the postulate that every 
process p so constructed belongs to the process class P(B) of B, that is, on 
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the assumption that the constitutive assumptions (j551) - (j57j) are compatible 
with thermodynamics, in the sense of the following 

Dissipation Principle For any given motion, temperature field, electric 
potential field and related heat flux field the process p constructed from the 
constitutive equations / fg3j )-(g7|) belongs to the process class P{B) of B. 
Therefore the constitutive functions $E3\)-(E7i) are compatible with the second 
law of thermodynamics in the sense that they satisfy the dissipation inequality 

Theorem 5.1 The Dissipation Principle is satisfied if and only if the fol- 
lowing conditions hold: 

(i) the free energy response function ^(F, 9, W, Q, G) is independent 
of the temperature gradient G and determines the entropy, the first Piola- 
Kirchhoff stress, and the polarization vector through the relations 

fj(F, 9, W, Q) = -cW(F, 9, W, Q) , (91) 

S(F, 9, W, Q) = p R d F ^F, 9, W, Q) (92) 

ri(F, 9, W, Q) = -dw^(F, 9, W, Q) (93) 

(ii) the reduced dissipation inequality 

p R 9d Q ^(F, 9, W, Q) • H(F, 0, W, Q, G) + Q ■ G < (94) 
is satisfied. 

Proof . By he chain rule we have 

ip = d-p^ ■ F + de"ij) ■ 9 + c>w^ ■ W + <9q^ • Q + Og^ • G . (95) 

Thus by substituting this equation together with the constitutive equa- 
tions (l83i) - (l87j) into the dissipation inequality (IHTj) gives 

{p R d ¥ i, - S) ■ F + (p R d i> + fj)9 + (pRdwjj + IP) • W (96) 
+p R d Q $-1I + p R d G j>-G + ±Q-G < 0. (97) 

Now we follow the Coleman-Mizel [5] method: by Remark 13.11 written in 
referential form, we can state that F, 9, W and G can be assigned arbitrary 
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values independently from the other variables; thus the theorem is proved. 



Simply by inserting the additional variable W in each occurrence of 
H*, H, /, K, K* in Theorem 2 of [5] and in its proof, we obtain that the 
proof of the theorem below. 

Theorem 5.2 The time derivative of the heat flux Q vanishes for all termal 
equilibrium states (F, 9, W, 0, 0) G D and the tensor 

K(F, 9, W) = d Q H(F, 9, W, 0, 0)~ 1 9 G H(F, 9, W, 0, 0) (98) 

is positive-definite. 

6 On Cattaneo's Equation 

The results and considerations in NN.4, 5 of [3] remain true also in the context 
of the present paper. Of course one has to add the electric field W as an 
independent variable in the arguments of each constitutive quantity. Since 
this vector is referential, it does not change under a change of observer. Hence 
the following theorem holds, where it is assumed that H(F, 9, W, Q, G) is 
linear in Q and G. 

Theorem 6.1 Let the evolution equation of the heat flux be given by the 
following form of Cattaneo's equation: 

T(F, 9, W)Q + Q = -K(F, 9, W)G . (99) 

Then the Dissipation Principle is equivalent to the conditions: 

(i) the tensor K(F, 9, W) is positive definite; 

(ii) the tensor Z(F, 9, W) is symmetric; 

(Hi) the response functions of the specific free energy, specific internal 
energy, specific entropy and first Piola-Kirchhoff stress are given by 

p^(F, 9, W, Q) = p R MF, 9, W) + • Z(F, 9, W)Q , (100) 

p R e(F, 9, W, Q) = p R e (F, 9, W) + Q ■ A(F, 9, W)Q , (101) 

p R f)(F, 9, W, Q) = p R ri (F, 9, W) + Q • B(F, 9, W)Q , (102) 

S(F, 9, W, Q) = S (F, 9, W) + Q • P(F, 9, W)Q , (103) 

where 

MF,9,W) = ^(F,9,W,0), (104) 
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e„(F, 9, W) = 4(F, 9, W) - Odeipop, ^ W) 
fj (F, 9,W) = -d e MF, e,w), 
S (F, 6,W)=p R d F MF, 9,W), 
Z(F, 0, W) = K(F, 9, W) _1 T(F, 0, W) , 
1 9 r Z(F, 0, W)- 



B(F, 9,W) 



2 89 



9 



P(F, «,W) = ~Z(F, 0,W). 



(105) 
(106) 
(107) 
(108) 

(109) 
(110) 



Just as it is suggested in [3], from pQ we may call K(F, 9, W) the steady- 
state conductivity, T(F, 0, W) the tensor of relaxation times, and Z _1 the 
instantaneous conductivity. 



7 On the Theory where the Heat Flux has 
Response Function 

Next we consider the (usual) theory where there is no constitutive equation 
for the rate of heat flux and the heat flux is treated as a dependent vari- 
able. In parallel with [7j, [8] we follow the method of Coleman- Noll and find 
the thermodynamic restrictions on the constitutive relations of an electri- 
cally polarizable and finitely deformable heat conducting elastic continuum, 
interacting with the electric field. 

We proceed by listing the results in Sections 1 to 6 and by showing where 
and how they change. Sections [2] and 13.11 remain unchanged. Section 13.21 
must be replaced by the section below. 



7.1 Spatial Constitutive Assumptions (usual theory) 

Let T> be an open, simply connected domain consisting of 4— tuples (F, 9, E M , g), 
and assume that if (F, 9, E M , g) G V, then (F, 9, E M , 0) G V. 

Assumption 7.1 For every p G P{B) the specific free energy ^(X, t), the 
specific entropy r/(X, t), the Cauchy stress tensor r(X, t), the specific polar- 
ization vector P(X, t), and the heat flux q(X, t) are given by continuously 
differentiable functions on T> such that 

■0 = ^(F, 9, E M , g) , (111) 

r) = r](F, 9,E M , g), (112) 
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r = r(F, 9,E M , g) , (113) 
P = P(F, 9, E M , g) , (114) 
q = q(F, 9,E M , g) . (115) 

Of course, once p(.), P(.), V'(-) an d ??(•) are known, then equality fISU]) gives 
the continuously differentiable function e(.) determining e(X, t) such that 

e = e(F, 9,E M , g) . (116) 

Also note that the dependence upon X is not written only for brevity; when 
the body is not materially homogeneous it becomes active. 



7.2 Coleman-Noll Method and Thermodynamic Re- 
strictions (usual theory) 

In Section I3T21 must be replaced the constitutive law f[2"Sj) with (11151) . Thus 
the sections rewrites as 

Assumption 7.2 For every p £ JP{B) the specific free energy ip(X., t), the 
specific entropy ry(X, t), the Cauchy stress tensor r(X, t) the specific polar- 
ization vector P(X, t), and the heat flux q(X, t) are given by continuously 
differentiable functions on T> such that 

V^=^(F, 6,E M , g), (117) 

V = V(F, 9,E M , g), (118) 

r = r(F, 9,E M , g), (119) 

P = P(F, 9, E AI , g) , (120) 

q = q(F, 9,E M , g) . (121) 



Of course, once p(.), P(.), ip(.) and r/(.) are known, then equality fl80|) 
gives the continuously differentiable function e(.) determining £:(X, t) such 
that 

e = e(F, 9, E M , g) . (122) 
Again the dependence upon X is not written only for brevity. 



The dissipation principle and Remark 13.11 must be understood here just 
as in Section l5T3| then Theorem 13. II becomes the one below, whose proof has 
the same steps in the proof of the former by dropping there h. 
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Theorem 7.1 The Dissipation Principle is satisfied if and only if the fol- 
lowing conditions hold: 

(i) the free energy response function ip(F, 9,E M , g) is independent of 
the temperature gradient g and determines the entropy, the Cauchy stress, 
and the polarization vector through the relations 

rj(F, 9, E M ) = -do${F, 9, E M ) , (123) 

r(F, 9, E M ) = pFd F ^(F, 9, E M ) , (124) 

7f(F, 9, E M ) = -<9 e m^(F, 9, E M ) . (125) 

(ii) the Fourier inequality 

q-g < (126) 

is satisfied. 

A consequence of the reduced dissipation inequality (138]) is that, just as 
in thermoelasticity, the static heat flux vanishes: 

Theorem 7.2 The heat flux q vanishes for all termal equilibrium states 
(F, 9, E M , 0) G V, that is, 

q(F, 9,E M , 0) = 0. (127) 

7.3 Use of Invariant response functions (usual theory) 

The present section rewrites as 13.41 by dropping in the latter each q where 
it appears as variable within a response function and q. Hence we have the 
following 

Theorem 7.3 The Dissipation Principle is satisfied if and only if the fol- 
lowing conditions hold: 

(i) the objective free energy response function ip{E, 9, W, G) is indepen- 
dent of the temperature gradient G and determines the entropy, the Cauchy 
stress tensor, and the polarization vector per unit mass through the relations 

(ii) the Fourier inequality U26]) is satisfied. 

Again, Eqs. (160]) . (TI4]) and (162]) yield the Cauchy stress expression (165]) 
and for its antisymmetric portion is (166]) . that coincides with (3.24) of [1]. 
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7.4 Internal Dissipation and Entropy Equality (usual 
theory) 

In Section H] just the same proofs of Theorem 14.11 and Theorem 14.21 with no 
change yield the proofs of the theorems below. 

Theorem 7.4 Along any local process of B we have 

S o = 0. (128) 

Theorem 7.5 Along any local process of B the following entropy equality 

holds. 
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